Abstract. The structures of a number of exotic atoms with an attached positron or positronium atom are studied using a large-scale variational expansion in terms of a basis of explicitly correlated Gaussian functions. The binding energies and annihilation rates for seven exotic species with electronically stable ground states, namely HPs, Lie + , LiPs, Bee + , Nae + , NaPs and Mge + have been predicted. The binding energy for HPs, 0.038 1944 Hartree, is the largest attained so far. Two of the species, Lie + and Nae + , with approximate binding energies of 0.0024 and 0.0005 Hartree respectively, are seen to have structures best described as a positronium atom orbiting a residual Li + or Na + positively charged core. The Bee + atom with an approximate binding energy of 0.0028 Hartree is best characterized as a positron orbiting a polarized Be core. The binding energy of the Mge + ground state, 0.014 Hartree, is larger than that of any other positronic atom (a neutral atom with an attached positron). The LiPs and NaPs atoms, with approximate binding energies of 0.012 and 0.0072 Hartree respectively, have structures similar to HPs although the binding energies are smaller and the valence electrons and the positron are found at larger distances from the nucleus.
Introduction
Over the years there has been considerable interest in exotic atoms containing positrons and positronium [1] [2] [3] . Speculations about whether a positron can attach itself to an atom and form an electronically stable bound state have been made for a long time [4] . The interaction of a positron with the electrostatic field of a neutral atom is repulsive and represents an environment that is not conducive to binding a positron. However, when the polarization of the atom is taken into consideration the situation changes since the long-range polarization potential between the positron and atom is attractive and therefore constitutes a possible mechanism for binding. Another possible binding mode occurs when the positron grabs one of the atomic electrons, resulting in a configuration that is best represented as PsA + . The polarization of the positronium atom by the Coulomb field of the residual ion also represents a mechanism for bound-state formation. Alternatively, both of these mechanisms could act in conjunction and the wavefunction could be a mix of e + A and PsA + type configurations [5] . The question as to whether these polarization effects are sufficiently strong to overcome the repulsive electrostatic field and permit binding has been one of the longest standing questions in the field of positron physics. For example, it has long been known that a positron cannot attach itself to either hydrogen or helium [6, 7] . The first affirmative (and rigorous) answers to the question of positron binding were finally given last year by two separate (but very similar) calculations demonstrating the electronic stability of the ground state of positronic lithium [8, 9] .
Somewhat surprisingly, more is known about the related question of whether positronium can bind itself to neutral atoms (or whether a positron can bind itself to a negative ion). As early as 1951, it was known that hydrogen positride, i.e. HPs, was electronically stable [10] . Since then, many calculations have been performed [8, 9, [11] [12] [13] [14] [15] [16] [17] [18] and the binding energy and wavefunction of HPs are known to a relatively high degree of precision. This species has also been observed in collisions of positrons with methane [19] , and moreover the experimental binding energy, 1.1 ± 0.2 eV, is consistent with the theoretical binding energies. Besides HPs, there is much evidence that positronium can bind itself to the halide atoms such as fluorine, chlorine and bromine. All of the alkali halides except FPs have been seen in aqueous solutions [20] , graphite [21, 22] and in polyacetylene [23] . The identification of these species was confirmed by the agreement between measured and theoretical angular correlation curves for the annihilation gammas [24] . A succession of calculations of varying degrees of sophistication have also predicted binding with binding energies of the order 1-2 eV being reported by the most recent calculations [25] [26] [27] [28] [29] [30] . Most recently, a rigorous variational calculation had shown that lithium positride, LiPs, was stable with a binding energy of at least 0.010 51 Hartree [31] .
The ability of a positron to bind to an atom has a subtle dependence on the ionization energy, ε atom , of the atom. If ε atom is greater than 0.250 Hartree, then the question of positron binding is just a question of whether the positron affinity is positive, i.e. whether the ground state of the Ae + system has a lower total energy than the ground state of the neutral atom. However, if the ionization energy is less than 0.25 Hartree, the binding energy of the positronium atom comes into play. The binding energy of the positron to the atom must exceed (0.25 − ε atom ) Hartree otherwise the positron-atom complex will dissociate into positronium plus a residual positively charged ion, i.e. into Ps + A + . For instance, it has long been known positrons can attach themselves to the lithium atom and the resultant system will have a lower energy than the A + e + threshold [14, 32, 33] . However, all of these calculations gave a total energy above the Ps + A + threshold so these structures did not represent bound states.
So far, the most reliable evidence for the existence of atoms with an attached positron or positronium atom has been derived from variational calculations which were similar in methodology [8, 9, 34, 35] . The method used to determine the energies and wavefunctions in the present series of calculations is known as the stochastic variational method (SVM) and was first introduced as a method to solve the nuclear few-body problem [36, 37] . The method uses basis functions that are constructed as antisymmetric products of explicitly correlated Gaussian (ECG) functions which explicitly include exp(−αr 2 ij ) correlation factors and is capable of generating energies of very high accuracy.
In this paper, a variational method using ECG basis functions was applied to the determination of the ground states of the following species, Lie + , Bee + , Nae + and Mge + . All these species have ground states that are predicted to be electronically stable. Positronic lithium and sodium are stable against dissociation into Li + + Ps and Na + + Ps. Positronic beryllium and magnesium are stable against decay into Be + e + and Mg + e + . In addition, lithium positride and sodium positride, i.e. LiPs and NaPs, are seen to be stable against dissociation into Li + Ps and Na + Ps, respectively. While binding energies for some of these species have been reported previously [8, 31, 34, 35] , refinement of the model Hamiltonian and further optimization of the wavefunctions has been done in the intervening time and the present set of binding energies is superior to those obtained earlier.
Stochastic variational method with explicitly correlated Gaussians
The SVM was introduced as a suitable method for solving nuclear structure problems involving a small number of particles [36, 37] . This method expands the wavefunction in terms of a linear combination of multidimensional Gaussian functions including terms with exp(−αr 2 ij ) correlation factors. Such ECGs were first introduced over 30 years ago [38, 39] . Since the ECG basis does not treat the asymptotic form of the wavefunction and the cusp conditions [40] properly it was long regarded as inferior to an exponential basis with exp(−αr ij ) correlation factors. However, the advantages of an ECG basis, Hamiltonian matrix elements that can be computed easily, a spatial wavefunction that retains its functional form after any possible permutation of the particles, and the inclusion of exp(−αr 2 ij ) factors to represent interparticle correlations, more than compensates for the problems with the cusp conditions and the asymptotic forms. There are many examples of very precise energies being computed with ECG basis sets in atomic, molecular and nuclear physics [16, [41] [42] [43] [44] [45] [46] .
The ability of the SVM and related methods to obtain very precise energies depends crucially on the proper optimization of the nonlinear parameters, i.e. the exponents of the ECGs. However, the basis sets will typically have dimensionality between 100 and 1000, and each basis state will have 3-20 nonlinear parameters. The optimization of a function that could contain more than 10 000 nonlinear parameters is difficult to do with a direct search and therefore a strategy based on a stochastic search is preferred. The fact that the parameters are correlated and have nonlinear constraints also mitigates against a direct search.
A modified version of the program of Varga and Suzuki [47] was used for the calculations reported in this work. A detailed description of the SVM and the results of test calculations on various atomic and nuclear systems containing 3-6 particles can be found in [43, 47, 48] .
The ECG basis functions
Consider an N-particle system described by the nonrelativistic Schrödinger equation
This paper is mainly concerned with atomic systems where V ij = z i z j /r ij . Moreover, we will always deal with solutions of equation (1) with total angular momentum L = 0 so the Hamiltonian matrix elements are especially simple. The trial wavefunction is written as a linear superposition of the following terms
where
and the antisymmetrizer A acts on the electron coordinates (provided the system contains no more than one positron). The spatial part of wavefunction has the form,
In this expression, x 1 , . . . , x N−1 are the N − 1 Jacobi coordinates, and C i and A i µν are the linear and nonlinear variational parameters respectively. For a given set of nonlinear parameters A i , the ground-state energy E and linear coefficients C i can be found by solving the generalized eigenvalue problem
where matrices H ij and B ij have the following form
Matrix elements
One of the main advantages of the ECG basis is that the matrix elements are easy to calculate analytically. The overlap of two ECGs is given by
The matrix element of the kinetic energy operator between the ECGs reads as
where is a (N − 1) × (N − 1) diagonal matrix with elements
and the reduced masses are given by
with m 12.
To avoid the dependence of the two-body interaction matrix elements on the specific form of the potential, it is advantageous to express the potential in the form
To calculate the matrix elements of the potential the relative distance vector r i − r j is expressed in terms of Jacobi coordinates. The Jacobi coordinates are defined as
with
The last coordinate, x N , is the coordinate of the centre of mass. The atomic nucleus is treated exactly the same as the other particles. Therefore the total number of electrons and positrons in this notation is N − 1. The N − 1 Jacobi coordinates go to the usual single-particle coordinates, and reduced masses µ i in equation (10) go to the electron mass m e when the nuclear mass is set to infinity.
The relative distance vector between two particles in Jacobi coordinates is
With this expression the matrix element of the potential is given by: (15) where
The norm of the wavefunction can be recovered by integrating equation (15) over r.
The matrix element of the potential is calculated by the multiplication of equation (15) by V (r) and integration over r. Therefore,
If the radial part can be given in the form
then the integrations in equation (18) can be performed analytically [43, 47] . The subscripts p and e are used to distinguish between expectation values involving the positron or the electrons. For example, the mean distance between the positron and nucleus is r p , and the mean distance between the positron and the electrons is r ep . The expression for r e is shown as an example of what is actually evaluated during the calculation.
where the summation in equation (20) is over all possible antisymmetric permutations p [43, 47] , electron coordinates r e k , and all ECG basis functions i and j . The nucleus is always particle 1, so |r 1 − r e k | in equation (20) is the distance between the electron k and the nucleus. The 2γ annihilation rate can be defined as
In this expression r 0 (= e 2 /(m e c 2 )) is the electron classical radius and the (1 − S 2 e k ,p ) spin operator acts to ensure annihilation can only take place between an electron and positron in a singlet spin state. The 2γ rate is often given as a spin-averaged quantity for positronium which has both a singlet and triplet state.
Stochastic selection of nonlinear parameters
The search strategy for the optimal nonlinear parameter set was based on the trial-anderror procedure outlined by Varga and Suzuki [43, 47] . Various randomly generated basis functions were tested and those functions that lowered the energy by the largest amount were retained while the rest were discarded. It was not necessary to recompute the complete Hamiltonian nor was it necessary to solve the generalized eigenvalue problem from scratch each time an ECG with exponents A i was generated. By changing the elements of the parameter set for each ECG individually, only one row (column) of the matrices H and B has to be recomputed each time the parameter set A i is changed [43, 47] . The initial version of the SVM [43, 47] had a very simple strategy for sampling the best possible set of exponents. The set of random numbers on the interval x ∈ [0, 1] was mapped to some other interval via a transformation equation, g = f (x). This user-defined transformation formula was the same for each particle and for each pair of particles. A more sophisticated search algorithm was required for the systems having electrons in two distinct shells, e.g. Be and Li have 1s and 2s shells. Using different transformation functions for the different electrons was found to accelerate the convergence. For example, the optimization for beryllium was accelerated by searching over a sequence of larger exponents (e.g. of order 1.0-10
3 ) for the two core electrons, and searching over a sequence of smaller exponents, (e.g. 5.0-0.01) for the other two electrons.
There was another search strategy adopted which was also seen to increase the rate of convergence. The stochastic search was restricted to a domain in the vicinity of an existing parameter set. For instance, the search for a new set of parameters, A i new , would be constrained to sample parameters that lie within ±15% of an already existing parameter set, A i .
Centre-of-mass effects and other corrections
All the calculations reported in this work, with one exception, were performed using a nonrelativistic Hamiltonian with an infinite nuclear mass. The SVM as implemented in this work uses Jacobi coordinates and can easily take into account centre-of-mass motion. However, it is often more convenient to use an infinite nuclear mass since this expedites comparison with other ab initio calculations.
Fixed core SVM
While the SVM can be used to compute the binding energies of systems with four or five active particles, the computational effort rapidly increases as the number of particles increases. The initial success for Lie + [8, 9] immediately brought to mind the question as to whether it was possible to bind positrons to other atoms? However, a full N-body calculation on an system like Nae + with 11 electrons and one positron was clearly out of the question.
The way forward was to make the fixed core approximation. This approximation, which has many variations, has a long history in atomic structure physics [49] [50] [51] . However, there are a number of aspects about the construction of this model potential that need to be addressed.
The core potential for the electron consists of three components, the direct interaction, core-exchange and core polarization potentials. The model Hamiltonian for N − 1 electrons and positrons can be written formally (in single-particle coordinates)
The polarization and exchange interactions are different for electrons and positrons. It was necessary to unravel the electron model potential to extract the individual components before the positron-core interaction could be constructed with any degree of confidence. A mixture of ab initio and semi-empirical techniques were used to ensure each component of the core potential could be isolated and treated separately.
Definition of the core direct potential
The direct interactions between the electron or positron with the core will be equal in magnitude but opposite in sign. Hartree-Fock (HF) wavefunctions were used to define the direct potential for the core. The HF wavefunctions were computed with a HF program [52] which expands the radial part of the single-particle orbitals as a linear combination of Slater-type orbitals (STOs).
The core-exchange interaction
An expression for the exchange matrix element between the HF core and the valence electrons was not derived until this work was almost complete. The original calculations [34, 35] with the fixed core SVM used a local exchange potential to simulate the HF coreexchange interaction. Consequently, the optimization of the exponential factors of the ECG basis was largely done with the local core-exchange interaction with the generic form
The parameters c i , m i , a i and n i had been determined by adding this potential to the direct potential and adjusting the parameters until the binding energies agreed with binding energies of the appropriate alkali atom (or alkali-like ion) computed in the fixed core HF approximation. The local approximation was omitted from the calculation and the HF core-exchange interaction used once an analytic expression for this matrix element had been derived. For the most part only minor refinements of the ECG basis needed to be made once the exact expression for HF core exchange was adopted since the binding energies obtained with the two different exchange interactions were within 5%. All energies published in this manuscript were obtained with a Hamiltonian making no approximations (apart from those inherent in expanding the core orbitals as a linear combination of Gaussian-type orbitals (GTOs)) when evaluating the exchange matrix element between the valence electrons and those of the HF core.
One-and two-body polarization interaction
A semi-empirical technique was used to define the polarization potential. For an alkali atom, one can ascribe most of the difference between the HF and experimental binding energies to the polarization potential. The adjustable cut-off parameters of a semi-empirical polarization potential are adjusted to minimize these energy differences. Hamiltonians that combine ab initio direct and exchange potentials (from HF wavefunctions) with semiempirical polarization potentials have been able to generate accurate binding energies and transition moments for a variety of one-and two-electron systems [49, 51, [53] [54] [55] [56] [57] [58] .
Having deduced a form for the electron core polarization potential, we decided to use the same potential for the positron since the leading-order term of the adiabatic polarization potential for both electrons and positrons is
However, it is worth recalling that the electron and positron polarization potentials are not equal. For example, it is known that the nonadiabatic dipole and static quadrupole polarization potentials tend to almost completely nullify each other for the electron-core interaction [59] [60] [61] . Therefore, the polarization potential for electrons is often truncated after the dipole term. However, these higher-order interactions have to be included in the polarization potential for positrons [59] . Despite this problem, the pragmatic approach has been adopted and the same core polarization potential has been used for electrons and positrons. While this will introduce some errors, the positron is expected to be found at large distances from the nucleus and the precise specification of the short-range part of the core-polarization potential will be less important under these circumstances.
The two-body (or 'dielectronic') polarization potential [62] was included in addition to the one-body core-polarization interaction. When the electron and positron are on the same side of the nucleus, say in a virtual positronium state, the influence they exert on the core is obviously diminished. The two-body part of the polarization potential has been shown to be necessary in calculations involving two valence electrons outside a closed shell [55, 56, 62] .
The form adopted for the one-body polarization potential was
The factor α d is the static dipole polarizability and g 2 (r) is a cut-off function designed to make the polarization potential finite at the origin. The same cut-off function has been adopted for both positrons and electrons. In this work, g 2 (r) was defined to be
The two-body polarization potential was
The sign of this potential is negative for the electron-electron case and positive for the electron-positron case.
The two-body polarization interaction also helps to describe the part of the interaction between positronium and the residual core. The asymptotic potential between two atoms is a van der Waals interaction which is known to be O(1/R 6 ) for large internuclear distances (R) [63] . The leading-order polarization interaction between a positronium atom and the electrically neutral part of the residual core is of higher order than O(1/R 4 ) (R is the distance between the positronium centre of mass and the nucleus) because terms from the one-and two-body polarization potentials (equations (25) and (27)) cancel each other out.
Orthogonality with the core
Another concern of any model potential calculation is how to avoid the wavefunction collapsing into a configuration with one or more of the electrons occupying a level corresponding to that of a core electron. This could lead to incorrect conclusions about binding being derived from a wavefunction that is contaminated by the core orbitals. Projection operators can be used to ensure orthogonality between the HF core orbitals and the valence wavefunctions. The explicit inclusion of a projection operator into the Schrödinger equation gives
where the projection operator,P
is constructed by summing over the single-particle orbitals occupied by the core electrons. However, the evaluation of the expectation values of (1−P )Ĥ (1−P ) for trial wavefunctions containing r 2 ij correlation factors is best avoided if possible. Fortunately, it can be shown that a modified Schrödinger equation of the form
will produce wavefunctions which are orthogonal to the core orbitals and have the same energy as equation (28) provided the positive constant, λ is large enough [34, 64, 65] . The evaluation of the matrix elements ofP represents a much easier proposition. A variational method which seeks to minimize the energy will adjust the wavefunction to minimize the overlap with the core orbitals since any component of the wavefunction which is not orthogonal to the core will tend to increase the energy.
Expressions for the model potential matrix elements.
Matrix elements for the core-exchange potential, one-and two-body polarization potentials, and the nonlocal projection operator are given in this section. The HF core-exchange matrix elements can be evaluated analytically provided the radial part of the core orbitals with angular momentum l and azimuthal quantum number m, i.e. φ lm (r) is written as a linear combination of GTOs. The core orbitals φ i lm (r) were expanded as
The core-exchange interaction matrix element is written formally as
In this expression, l i and m i are the angular momentum quantum numbers of core orbital i, r c and r v are the coordinates of particular core and valence electrons respectively, M vv is the minor of the matrix (A + A ) (see equation (4)) and P cv permutes the core and valence electrons. The factor I µ µ i
is an integral having the form
The coefficients a xy have a dependence on the electron indices c and v, and the basis set indices µ and µ and are defined
The factor M vv,ij is a second-order minor of the matrix (A + A ) about the vv and ij elements. The integral, equation (33), can be written for core orbitals with l i = 0, 1 and 2 as
and
The constants α and δ in equations (35)- (37) are
The polarization potential was defined by a two-step procedure. In the first step, the parameter ρ in the cut-off function g(r) was fixed by fitting the spectrum of the oneelectron atoms and ions, e.g. Li, Be + , Na and Mg + . However, the particular radial form given by g(r) was not used directly in the computations. The matrix elements of the two-body polarization potential were computed by replacing the factor g(r)/r 3 by a linear combination of Gaussian functions, namely
The coefficients b m and exponents γ m were used to fit g(r)/r 3 for r from 0 to 30 a 0 . Although the polarization potential is now a short-range potential, the errors introduced by this expansion are of no practical importance since the radial form of the polarization potential is accurately reproduced to a sufficiently large distance. This point is substantiated later.
Since the one-body polarization potentials have been expressed as a linear combination of Gaussians, the matrix elements of this potential can be computed with equation (18) . The matrix element for the two-body potential with a Gaussian expansion for g(r)/r 3 can be written as
In this expression
The pq element of matrix ( A + A ) mn ij is defined by the identity
M ij is a minor of the matrix ( A + A ) mn ij about the ij element and is independent of γ m and γ n .
The matrix elements of the projector operator, λP , constructed from the single-particle orbitals with angular momentum l and azimuthal quantum number m, i.e. φ lm (r), can be evaluated analytically provided the radial part of the core orbitals φ lm (r) are once again expanded using linear combinations of GTOs, e.g. with equation (31) . The matrix elements of the projector P lm (r i , r i ) are written in a notation in which y 1 and y N from the {y j } set represent r i and r i , respectively. Therefore
The matrix T µν has the form:
The integration in equation (44) gives
and M µν N1 is the minor of T µν . The additional contribution from 2γ annihilation with the electrons of the closed shell core also has to be evaluated. This term was
where the sum is over all n orb core orbitals and the φ i (r c ) are the core orbitals. [66] , e [15] , f [17] , h [68] . ECG basis; b [17] , c [8] , d [9] , k [31] , l [42] . Quantum Monte Carlo; g [33] . Extrapolated CI; i [69] .
Explicit SVM calculations of small systems
The results of calculations on a number of systems with a relatively small number of particles are reported in this section. The results for systems which have already been the subject of intensive calculations serve as validation of the SVM. We previously reported energies for a number of the exotic systems containing positrons or positronium that are the primary focus of this paper. Since that time, further optimization of the ECG basis has occurred for most of these systems resulting in improved estimates of the energies. During the course of these calculations we noticed that it was possible to establish whether binding was possible prior to the explicit variational demonstration. A system like Be that binds a positron will exhibit a tendency for expectation values like r m p to remain constant while basis sets are optimized and the energy decreases. However, a system that is unbound will exhibit a tendency for the positron to be found at increasingly large distances from the nucleus as the calculation progresses.
The energies of the present set of SVM calculations on a number of atoms are listed in table 1. This table also lists energies that have been obtained by a number of other highquality calculations. Table 2 lists expectation values such as r e and δ ee (the electronelectron delta function). The annihilation rates and binding energies computed with the SVM (and fixed core SVM models) for the atoms with positrons are given in tables 3 and 4 respectively.
Two-electron systems and Ps
Energies for the two-electron systems, H − , Li + and Be 2+ , agree with the energies of Pekeris [66] and later calculations [67] to an accuracy of 10 −6 Hartree. The energy for Li + can be used to facilitate comparisons with the fixed core SVM method reported in the next section.
The energy of the Ps ground state was computed with an ECG basis (in this case the ECGs are simple one-dimensional Gaussians) and the energy (−0.249 999 999 95 Hartree) [17] , c [9] , d [8] , g [31] . Hylleraas basis; e [15] , f [17] . FCSVM with local core exchange; h [34] , i [35] .
was very close to the exact Ps energy of −0.250 Hartree. Despite this the 2γ annihilation rate of 2γ = 2.000 41 × 10 9 s −1 , is 0.065% smaller than the exact Ps value of [8] , c [9] Hylleraas basis; d [15] , e [17] , g [31] Quantum Monte Carlo; f [33] Model potential; h [78] Relativistic polarized orbital; i [79] FCSVM with local core exchange; j [34] , k [35] MBPT; l [91] , m [92] 2γ = 2.0017 × 10 9 s −1 . This demonstrates the difficulty of exactly reproducing the Kato cusp conditions [40] with an ECG basis. When interpreting the present annihilation rates it should always be kept in mind that an ECG basis will generally converge very slowly to the exact annihilation rate.
Three-and four-electron systems
The energy of the three-electron Li system was −7.478 055 Hartree and is in very good agreement with the best previously published energy of −7.478 060 Hartree [68] . An explicit variational demonstration of the stability of Bee + requires knowledge of the energy of neutral beryllium. The present energy of −14.667 106 Hartree is an improvement upon our previous estimate of −14.666 76 Hartree [8] . This energy overestimates the best energy so far achieved for neutral beryllium [42] , −14.667 355 Hartree, by about 3.0×10 −4 Hartree.
Hydrogen positride, HPs
The HPs species has already been the subject of intensive theoretical investigation and so was the ideal system in which to validate the SVM for systems containing positrons. For our purposes, the most interesting of these previous calculations were the recent calculations with the ECG [8, 9, 16, 17] and Hylleraas [15, 17] basis sets. The energy obtained for this system was consistent with previous accurate calculations, although the present energy of −0.789 1944 Hartree is the lowest yet recorded for HPs. The binding energy against decay into Ps + H is therefore 0.039 1944 Hartree. The electron and positron probability densities, ρ(r), for HPs are shown in figure 1 . These functions are normalized so that integrating over all space yields the number of particles of each type, namely
The striking feature of figure 1 is the manner in which the electron and positron probability densities tend to merge at large distances from the nucleus. This is a reflection of the fact that dissociation into H+Ps (and not into H − +e + ) is the break-up process requiring the least energy. This behaviour (the merging of the electron and positron probability densities at large distances) was seen for other systems which have dissociation into Ps + A or Ps + A + as the least energetic break-up process. The radial expectation values for HPs presented in table 2 are in very good agreement with those previously reported by Frolov [16, 17] . The HPs atom is very compact for a system containing a positron. The average positron-nucleus distance is 3.661 a 0 , a distance comparable to the electron-nucleus distance for the valence electrons of the alkali atom ground states. The average electron-positron distance is 3.574 a 0 , slightly larger than that of the positronium ground state (3.0 a 0 ).
The 2γ annihilation rates for this calculation and previous high-accuracy calculations are listed in table 3. The present rate of 2γ = 2.4520 × 10 9 s −1 is certainly the preferred rate for the set of calculations using trial wavefunctions based on ECGs. The two calculations with the Hylleraas basis [15, 17] give slightly larger annihilation rates. Since the Hylleraas basis should be able to reproduce the Kato cusp conditions [40] better, it is a moot point whether this annihilation rate or the Hylleraas basis annihilation rate by Frolov and Smith [17] , 2γ = 2.457 × 10 9 s −1 , is to be preferred. However, the difference between the present rate and the rate given by Frolov and Smith is only 0.2% and this is smaller than the differences present between the predecessors of these two calculations.
Positronic lithium, Lie

+
The determination of the stability of Lie + is a question of whether the total energy of the Lie + ground state has a lower total energy than the sum of Li + and Ps energies. Two calculations performed a long time ago did predict stable ground states for positronic lithium [70, 71] . The calculation by Hoang [70] did not ensure that the valence electron part of the wavefunction was orthogonal to the core, and binding was achieved solely as a result of the violation of the Pauli exclusion principle. On the other hand, Cavaliere and Ferrante [71] did attempt to take Pauli blocking into account by using a pseudopotential, but their predictions of binding for all the alkali atoms had minimal validity since the model Hamiltonians and trial wavefunctions used were very crude.
Apart from the rigorous demonstration of binding reported by the two most recent calculations [8, 9] , the previous ab initio calculations upon Lie + [14, 32, 33] gave total energies which were lower than the Li ground state but higher than the Li + Ps threshold. The precursor of the present SVM calculation reported a binding energy of 0.002 17 Hartree [8] , while the other calculation reported a binding energy of 0.001 224 Hartree [9] .
The best estimate for the total energy of the Lie + system was E = −7.532 323 Hartree which is 0.002 410 Hartree greater in magnitude than the energies for the Li + ion (−7.279 913 Hartree) and the Ps-atom (−0.250 Ryd). This energy was achieved with an ECG basis of dimension 860. An examination of the successive energy increments as the basis was optimized suggested that the energy had converged to an accuracy of about 10 −4 Hartree. This estimate of the convergence should be regarded as a very rough estimate which might be accurate to a factor of 2 or 3.
The influence of finite mass corrections on the Lie + binding energy was investigated by diagonalizing the present ECG basis for a Hamiltonian with the 7 Li nucleus set to have a finite mass of M = 12 863.2 m e . The energy of the two-electron Li + ion was −7.279 325 Hartree and the energy of the Lie + ground state was −7.531 732 Hartree. The finite mass binding energy of Lie + is therefore 0.002 407 Hartree which is less than 0.2% different from the infinite mass binding energy of 0.002 410 Hartree. The omission of finite mass effects from any further consideration was justified since the 7 Li nucleus has the lightest nucleus of any of the elements treated in this paper.
The statement that the Lie + ground state is electronically stable is also valid when relativistic effects are taken into consideration. One estimate of the relativistic energy correction for neutral Li is 0.000 011 Hartree [72] . An energy correction of this size only needs to be taken into consideration if the Lie + binding energy is to be predicted with an accuracy of the order of 0.1%.
The electron and positron densities for the Lie + ground state are plotted in figure 2 . The shell structure of the atom is visible with the probability distributions for the valence and core electrons being quite distinct. The positron and valence electron probability densities achieve their peak values at relatively large distances from the nucleus. The electron and positron probability densities tend to merge at large distances from the nucleus and suggest that the valence electron and positron have combined to form a Ps cluster.
The 2γ annihilation rate 2γ was 1.721 × 10 9 s −1 which is about 15% smaller than the rate for the Ps ground state. This annihilation rate is marginally larger than the rate reported in the previous SVM calculation [8] . It is not surprising the annihilation rate reported by Strasburger and Chojnacki [9] , 2γ = 1.572 × 10 9 s −1 , is about 10% smaller than the present rate since their binding energy of 0.001 224 Hartree was only half the present binding energy.
Lithium positride, LiPs
The stability of the LiPs system has also been investigated intermittently. The first calculations at the HF level showed that the alkali atoms were stable against decay into A − + e + but not into A + Ps [73, 26, 75] . A prediction that LiPs was stable was derived from the spectrum of LiH and published in a survey of the periodic table concerned with the stability of atoms to positron or positronium binding [76] . Two large-scale calculations [30, 77] were unable to find binding, which was finally established by an SVM calculation [31] which gave a binding energy of 0.010 51 Hartree for an ECG basis of dimension 600.
The total energy of the LiPs system was E = −7.739 682 Hartree giving a binding energy of 0.011 622 Hartree. The improvement in the energy, for a basis of smaller size, was the direct result of the improved procedures for minimizing the energy. The earlier SVM calculation [31] did not use any of the techniques (e.g. different exponents for different particles) which have been found to accelerate convergence of the energy during the search for the optimal set of exponents. Despite the improvement in the energy, we believe the binding energy has still only converged to a precision no better than 5%. The optimization of the ECG basis for a five-particle system was very slow.
The 2γ annihilation rate computed with this wavefunction was 2γ = 2.107 × 10 9 s −1 , which is 1.5% smaller than the previous estimate [31] of 2γ = 2.14 × 10 9 s −1 . The electron and positron densities for LiPs are shown in figure 3 . As expected, the electron and positron probability densities tend to merge at large distances from the nucleus. 
Positronic beryllium, Bee
+
The earliest evidence for the stability of positronic Be occurred in the context of the scattering of positrons from neutral Be. One calculation used a model potential to yield a binding energy of 0.000 73 Hartree [78] , the other used a relativistic polarized orbital model to predict a binding energy of 0.000 11 Hartree [79] . However, the predictive value of these calculations was minimal since minor changes in the details of the polarization potential could easily eliminate the bound state.
The purpose of the SVM calculation was to give a demonstration by an explicit variational calculation that Bee + has a ground state that is electronically stable. The lowest energy for Bee + was −14.669 042 Hartree which is 0.001 687 Hartree lower than the best estimate [42] figure 4 also show little evidence of the electron and positron coalescing into a positronium cluster. The small binding energy of the positron to the Be atom reveals itself in a positron probability distribution that decays very slowly as the positron distance from the nucleus increases. This evidence is suggestive of a Bee + ground state consisting of a positron orbiting a polarized beryllium atom at large distances. 
Fixed core SVM calculations
In this section, the details of the application of the fixed core SVM as applied to the calculations on specific atoms are reported. Besides permitting calculations on bigger atoms, the fixed core SVM has advantages when it comes to the analysis of the atomic structure. Removal of the core electrons makes it easier to deduce information about the interactions between the valence electrons and the positron. For example, the evaluation of r ep with the Lie + fixed core SVM wavefunction gave a value almost the same as r ep for the ground state of positronium.
The direct potentials for the Be 2+ and Mg 2+ residual ions were taken from neutral atom HF wavefunctions for Be and Mg. For lithium and sodium, the direct potentials for Li + and Na + were taken from HF calculations of the Li + and Na + ground states. The HF wavefunctions were represented as linear combinations of STOs.
The HF orbitals used in the computation of the projection operator were expanded as a linear combination of GTOs. The exponents for the GTO basis were taken from the tabulations of Partridge [80] . The wavefunctions were taken from HF calculation of the neutral Be and Mg ground states, and from the Li + and Na + ground states. These GTO basis wavefunctions were also used in the calculation of the exchange interaction with the HF core.
The parameters defining the polarization potentials are listed in table 5. Two different types of fixed core SVM calculation were performed. The first set of calculations omitted the core polarization potential and will be called the FCSVM model. The second set added both the one-body and two-body polarization potentials to the model Hamiltonian and will be called the FCSVM pol model.
The binding energies of the one-electron species Li, Be + , Na and Mg + in the FCSVM model are essentially those of the appropriate fixed core HF (FCHF) model. The FCHF binding energies for these atoms and ions are listed in table 6. For convenience, energies shown in table 6 were obtained with a numerical HF program [81] , but the energies computed with the FCSVM Hamiltonian agree with these to an accuracy of better than 10 −5 Hartree. The polarization potential was determined by adding the polarization potential defined by equations (25) and (26) [53, 85] respectively. Once the parameter ρ was defined, the cut-off function g(r)/r 3 was replaced by a linear combination of 12 Gaussians. The FCSVM pol binding energies (computed with the Gaussian polarization potential) are compared with the experimental binding energies in table 6. For the most part, the energy corrections to the levels listed in table 6 given by the Gaussian approximation to the polarization potential are within 2% of the energy corrections given by equations (25) and (26).
Configuration-interaction calculations
Orthodox methods used for atomic structure calculations should generally not be used for exotic atoms containing positrons. The tendency for real or virtual positronium clusters to form will slow the convergence rate for a standard configuration-interaction (CI) calculation Table 7 . The energies of a number of two-electron species in addition to the Lie + atom computed by diagonalizing different model Hamiltonians with a CI expansion. The column labelled modified FCSVM pol reports energies obtained with the FCSVM Hamiltonian with the polarization potentials computed directly from equations (25)- (27) . The experimental energies were derived from ionization potential and electron affinity data [82, 89, 90] [10] . A similar tendency for slow convergence of the phase shift has been noticed in standard close-coupling calculations (without positronium channels) of positron-hydrogen scattering [86] [87] [88] .
The CI calculations were mainly aimed at testing the validity of the FCSVM and FCSVM pol results. Calculations were done on the Lie + system and on atoms and ions with two valence electrons. For these systems, the CI expansion can be written as
where an antisymmetrizer is implied for two-electron systems. The radial parts of the individual orbitals are expanded in terms of a linear combination of STOs and the methodology is similar to that used in a calculation of neutral calcium [57] . The singleparticle basis used for the CI calculations typically contained more than 40 orbitals with maximum angular momenta of l 6. Three calculations were performed for every two-particle system. The first calculation used the FCSVM Hamiltonian and was a pure ab initio calculation. The projection operator, λP , was omitted from the FCSVM Hamiltonian since a Gram-Schmidt orthogonalization automatically ensured orthogonality. The second calculation used the FCSVM pol Hamiltonian. The final calculation used a Hamiltonian similar to the FCSVM pol Hamiltonian, but the radial form of the potential, i.e. g(r)/r 3 defined by equations (26), was not replaced by an expansion over a set of Gaussians.
One-and two-electron systems
The calculations on these systems were performed for validation purposes. The issues requiring attention were, the accuracy of the Gaussian expansion of the polarization potential, the accuracy of the projection operator, and checks on the internal workings of the modified SVM program.
The Gaussian expansion of the core-polarization potential was seen to be reasonably accurate. The largest difference between the two types of FCSVM pol calculations occurred for Be and was only 4 × 10 −5 Hartree. All the other species recorded differences of 10 −5 Hartree or less. The accuracy of the model Hamiltonian was validated by the reasonable agreement between the theoretical and experimental two-electron binding Table 8 . Total energies (in Hartree) for Na, Na − and Nae + as a function of the projection operator constant λ. The energies were computed with the FCSVM Hamiltonian. energies. Inclusion of the polarization potential generally improved the agreement between theory and experiment by an order of magnitude. The projection operator was tested by performing calculations on neutral sodium, the negative sodium ion, and positronic sodium. Energies for the FSCVM Hamiltonian are given in table 8 as a function of λ to demonstrate that the energies reported in table 9 are not polluted by a component arising from a finite overlap of the valence electron with the core orbitals. The same ECG basis, which was optimized for λ = 10 5 , was used to compute all the energies given in table 8. The energies of the three species were independent of λ to an accuracy better than 10 −5 Hartree for values of λ greater than 10 3 . It was noticed that the energy of the Na − state increased slightly when λ was increased from 10 6 to 10 7 . The finite ECG basis was not large enough to permit the valence electrons to be exactly orthogonal to the core orbitals and the total energy increased when λ was increased to an extremely large number like 10 7 . There is one potential problem with our projection technique. The Hamiltonian matrix now has some very large positive numbers of the order of 10 6 while the final energies are of the order −0.1 to −1.0. Therefore, the round-off errors resulting from the cancellation of these large positive numbers could be a problem if the calculations are not performed with due care. As far as we know, the results presented in this paper have not been polluted by round-off errors.
Further evidence of the reliability of the fixed core SVM calculations is given by the comparison of the energies given in tables 6 and table 7 with those of table 9 . Despite the differences in methodology and Hamiltonians (e.g. Schmidt orthogonalization versus equation (30) , core-exchange with an STO versus GTO basis), the energies generally agreed with an accuracy of 10 −5 Hartree. The attempt to prove binding for Lie + with a CI wavefunction given by equation (50) was halted after it became apparent that the calculation would probably require orbitals with angular momenta greater than L 12. The lowest energy achieved for the pure ab initio calculation was −0.234 409 Hartree and this was given by a basis containing 69 electron and 69 positron orbitals up to L 8 giving a total of 600 configurations. The expectation values and spin-averaged 2γ annihilation rates for Lie + and other species having a bound positron are listed in tables 2 and 3 respectively. The total 2γ rate and the contribution to this rate due to annihilation with the core electrons are given in table 3.
Positronic lithium, Lie
The total energy of Lie + in the FCSVM and FCSVM pol models were −0.252 153 and −0.252 479 Hartree respectively. The inclusion of the polarization potential increased the binding energy from 0.002 153 to 0.002 479 Hartree. If the polarization potential is regarded as an additive correction, the comparison between the FCSVM and FCSVM pol binding energies would imply the polarization potential increased the binding energy by 0.000 326 Hartree. The binding energy of the SVM calculation would suggest a smaller polarization energy correction of 0.000 254 Hartree. Although the polarization potential does predict a binding energy which is apparently too large, the overestimation of the polarization energy correction is only about 30% and one must also keep in mind that it is possible that the SVM binding energy of 0.002 407 Hartree might increase to 0.002 50 Hartree if the basis was further optimized.
The advantage of the fixed core models in elucidating the atomic structure can be seen from table 2. According to the FCSVM pol model, r e was 9.111 a 0 and r p was 9.968 a 0 . Yet, the mean electron-positron distance, r ep , was 3.397 a 0 which is only 12% larger than the mean electron-positron distance (3.0 a 0 ) for the positronium 1s state. In addition, δ ep = 3.450 × 10 −2 which is only 14% smaller than the equivalent expectation of the positronium ground state. The dominant configuration for the ground state of positronic lithium appears to consist of a positronium cluster orbiting the residual Li + core. This propensity to form a positronium cluster at large distances from the nucleus may explain the failure of two previous ab initio calculations to find binding [14, 33] .
The FCSVM pol probability densities for the electron and the positron are shown in figure 5 . The nodal structure present in the valence electron density is the result of the orthogonality constraint with the 1s orbital. Similar nodal structures occurred for LiPs, Bee + , Nae + , NaPs and Mge + . Also shown is the probability density for the HF Li + 1s 2 core and the total electron probability density. The total electron and positron densities for the SVM wavefunction are also shown in figure 5 and they are essentially indistinguishable from the FCSVM pol densities. There was a difference of 0.062 a 0 (0.6%) between the r p expectation values for the SVM and FCSVM pol wavefunctions. The FCSVM and FCSVM pol 2γ annihilation rates were found to be 1.757 × 10 9 s −1 and Figure 5 . The electron and positron probability densities, ρ(r), computed in the FCSVM pol approximation for Lie + , plotted as a function of r (in units of a 0 ). Also shown is the electron density of the HF Li + core and the total electron density. The electron density is represented by the full curve while the positron density is shown by the broken curve. The electron and positron densities computed with the SVM wavefunctions are shown as full squares and full circles respectively.
1.737 × 10 9 s −1 respectively. These rates are 2% and 1% larger than the SVM annihilation rate. The singlet and triplet annihilation rates can easily be deduced from the information in table 3. The singlet rate was computed by multiplying the total rate by 4 and subtracting the core rate times 0.75. It was 7.028 × 10 9 s −1 for the FCSVM pol model. The triplet 2γ rate was simply the rate for the core. It was 1.57 × 10 6 s −1 for the FCSVM pol model. This is smaller than the 3γ rate of 7.1 × 10 6 s −1 for the positronium ground state. The triplet Lie + state is more likely to decay by 3γ annihilation than 2γ annihilation with the core.
Having presented all the evidence (binding energies, expectation values, annihilation rates and probability distributions) it is possible to conclude that the FCSVM and FCSVM pol models provide a reasonable description of the structure of Lie + . Examination of the electron and positron probability densities shown in figure 6 and the expectation values given in table 2 reveals that the structure of Bee + is completely different from Lie + . The two electrons are located close to the nucleus with r e = 2.6 a 0 while the positron is found much further away with r p = 9.9 a 0 . The small value of the 2γ annihilation rate provided evidence that a positronium cluster was a much smaller component for the Bee + wavefunction than it was for Lie + . The FCSVM and FCSVM pol 2γ annihilation rates were found to be 0.400 × 10 9 s −1 and 0.395 × 10 9 s −1 , respectively. These rates are 20% larger than the SVM annihilation rate. The FCSVM pol rate is the preferred annihilation rate. The contribution to the annihilation rate from the core was less than 1%. The lack of convergence of the SVM wavefunction also manifested itself in the comparison of the r p expectation values. The SVM r p of 11.364 was 13% larger than r p computed in the FCSVM pol model.
Positronic beryllium, Bee
All the evidence suggests that the Bee + ground state is best described as a positron weakly bound to the atom by the polarization field of the two valence electrons. This fact, and the relative unimportance of the positronium cluster, means that it should not be too difficult to confirm binding with an orthodox CI-type calculation.
Positronic sodium, Nae
+ Positronic sodium will be stable provided the total energy of the Nae + ground state is lower than the sum of Na + and Ps energies. While two calculations did predict a stable ground state for Nae + [70, 71] , both of these calculations were so crude that the results had minimal validity as a predictive tool. Convincing evidence of the stability of the Nae + ground state was given in an earlier calculation [34] which gave a binding energy of 0.000 177 Hartree. This calculation was almost identical to the present FCSVM calculation with the major difference being the use of a local potential to represent the exchange interaction with the HF core.
The total energy for the Nae + atom in the FCSVM model was −0.250 161 Hartree. The binding energy of 0.000 161 Hartree was gratifyingly similar to the binding energy of 0.000 177 Hartree obtained with the local exchange model. The difference in energy between these two notionally equivalent calculations was less than 2 × 10 −5 Hartree. Such a tenuously bound system was very sensitive to the influence of the core polarization potential. The total energy in the FCSVM pol model is −0.250 471 Hartree. The inclusion of the core-polarization interaction was seen to almost triple the binding energy which became 0.000471 Hartree. Such a large change in binding energy leads to a large change in the electron and positron probability distributions. These differences are easily visible in figure 7 where the FCSVM and FCSVM pol probability distributions are plotted. Both the FCSVM and FCSVM pol models gave very diffuse electron and positron wavefunctions with the electron and positron probability densities being almost equal for values of r greater than 20 a 0 . However, the FCSVM pol probability distributions have a larger peak at the maximum and decay faster as the distance from the nucleus increases.
The best heuristic description of the system would be as a stretched Ps atom orbiting the Na + core at large distances. The FCSVM pol expectation values for r e and r p were 17.2 and 16.8 a 0 , respectively. The mean electron-positron distance, r ep , was 3.16 a 0 which is only 5% larger than r ep for the Ps ground state. The similarity in the r ep expectation values certainly supports the idea that the valence electron and the positron have combined into a Ps cluster. The FCSVM gives larger electron and positron expectation values with r e and r p being 24.8 and 24.5 a 0 respectively. The average distance between the electron and positron was slightly smaller with r ep equal to 3.09 a 0 . The two slightly different values for r ep imply that the positronium cluster is stretched as it approaches the nucleus. A similar effect was present in Lie + with r ep being 3.365 and 3.397 a 0 for the FCSVM and FCSVM pol models respectively.
The computed annihilation rate included a contribution from the closed shell core and the FCSVM and FCSVM pol 2γ rates were found to be 1.936 × 10 9 s −1 and 1.891 × 10 9 s −1 respectively. These are marginally smaller than the 2γ decay rate for free positronium. The smaller annihilation rate for the FCSVM pol model is consistent with the idea of the positronium cluster being stretched as it approaches the nucleus. The FCSVM pol annihilation rate for the triplet state 1.68 × 10 6 s −1 . The preferred decay mode for the Nae + triplet state will be via the 3γ annihilation of the positronium cluster. This existence of the positronium cluster in the Lie + and Nae + ground states was evident in previous work by Cavaliere and Ferrante [71] . However, the approximations made in that work were so gross that they did not demonstrate as much as deduce the existence of the Ps cluster.
The binding energies of Lie + and Nae + in the FCSVM pol models were 0.002 479 and 0.000 471 Hartree respectively. This decrease in the binding energies for increasing nuclear charge does raise the question of whether potassium and the heavier alkali atoms can form stable systems with a positron. Some extensive calculations on potassium have not shown any indication of binding.
Positronic magnesium, Mge
+
The question of positron binding to magnesium has exercised speculation over the years [78, 79, 91, 92] . The first predictions of Mge + binding occurred in the context of the scattering calculations of positrons from neutral Mg. One calculation used a model potential to yield a binding energy of 0.000 15 Hartree [78] , the other used a relativistic polarized orbital model to predict a binding energy of 0.000 073 Hartree [79] .
More recently, many-body perturbation theory (MBPT) has been used to compute the polarization potential and the correlation-polarization potential due to virtual positronium formation. It was concluded that positronic magnesium was stable with a binding energy of 0.032 Hartree [91] . A later version [92] of this calculation predicted a binding energy for the ground state of 0.0362 Hartree and also predicted the existence of a 2 P o excited state with a binding energy of 0.005 84 Hartree. While the MBPT calculations were quite sophisticated, the theoretical limitations implicit in the calculation detracted from its reliability as a predictive tool. For example, the starting point for the MBPT calculation was the HF 3s 2 1 S e ground state. The HF wavefunction has a dipole polarizability that is too large by about 30%. The authors did attempt to correct for this, but such a large correction to a dynamical effect that has a major impact on binding will decrease confidence in the conclusions. The most recent and reliable prediction of positron binding for Mge + used a model very similar to the FCSVM model (but with a local interaction for core exchange) and gave a binding energy of 0.012 790 Hartree [35] .
The basis used in this earlier calculation [35] was optimized further and also enlarged to a dimension of 760 during the course of this calculation. The FCSVM and FCSVM pol binding energies for Mge + were 0.014 803 and 0.013 906 Hartree respectively. The inclusion of the core-polarization potential resulted in a 7% decrease in the positron binding energy. A similar, although smaller, 2.5% decrease in the positron binding energy occurred for Bee + when the core-polarization potential was added to the calculation. A possible explanation for the decrease in the positron binding energy lies in the changes in the electron distribution caused by the inclusion of the core-polarization potential. The core-polarization potential will increase the binding energies of the two electrons and therefore lead to an overall decrease in the total (i.e. valence + core) polarizability of the atom.
The positron and valence electron densities for the Mge + ground state computed in the FCSVM pol model are shown in figure 6 . The probability densities for Mge + did have a similar shape to the probability densities for Bee + although the electrons were more closely bound for Bee + while the positron was more tightly bound to Mge + . The binding energy predicted in this work was substantially different from binding energies predicted in the other calculations. The differences with the two single-channel scattering calculations [78, 79] were of no concern since neither of these calculations is expected to be especially accurate. The even larger energy differences with the more sophisticated MBPT calculations [91, 92] are serious and could be an indication of a major problem with the MBPT calculation. Some aspects of the MBPT calculation that warrant improvement would include the treatment of the important 3s 2 + 3p 2 configuration mixing, or the treatment of virtual Ps formation and the possibility of double counting in the MBPT expansion [91] .
The FCSVM pol 2γ annihilation rate, 2γ = 0.838×10 9 s −1 was smaller than all the other exotic atoms with the exception of Bee + . However, the mean positron-nucleus distance was the second smallest (HPs is the smallest) of all the exotic species treated in this paper. Despite its compact size, the formation of a positronium cluster was evidently inhibited by the stronger attraction of the electrons to the Mg 2+ core.
Lithium positride, LiPs
The binding energy of the LiPs state in the FCSVM model was 0.012 023 Hartree while the binding energy in the FCSVM pol model was 0.012 235 Hartree. The ECG basis used in these computations had a dimension of 800 and was needlessly large. This was one of the first FCSVM calculations performed and it was done before any of the methods used to enhance convergence were developed. Both the FCSVM and FCSVM pol binding energies are about 5% larger than the SVM binding energy. At this stage the differences between the two sets of energies are best attributed to incomplete convergence in the SVM binding energy. Therefore, the FCSVM pol binding energy of 0.012 235 Hartree is the preferred estimate of the LiPs binding energy.
The positron and valence electron densities for the FCSVM pol ground state are shown in figure 8 . The SVM electron and positron densities (with the electron densities of the Li + core subtracted) are also shown in figure 8 . The agreement between the two sets of densities is good and provides an additional validation of the fixed core SVM models.
The 2γ annihilation rates for the FCSVM and FCSVM pol models are 2.039 × 10 9 s −1 Figure 8 . The electron and positron probability densities, ρ(r), computed in the FCSVM pol approximation for LiPs and NaPs, are plotted as a function of r (in units of a 0 ). The electron density is represented by the full curve while the positron density is shown by the broken curve. The electron and positron densities computed with the SVM wavefunctions (minus the electron density of the Li + core) are shown as full squares and full circles respectively. and 2.041 × 10 9 s −1 respectively. The inclusion of the core-polarization potential altered the annihilation rates by about 0.1%. These annihilation rates are about 3% smaller than the SVM annihilation rate of 2.107 × 10 9 s −1 .
Sodium positride, NaPs
The first calculations of NaPs at the HF level showed that NaPs was stable against decay into Na − + e + but not into Na + Ps [26, [73] [74] [75] . A prediction that NaPs was stable was published in a survey of the periodic table concerned with the stability of atoms to positron or positronium binding [76] . An earlier FCSVM calculation with a local core-exchange potential predicted a binding energy of 0.005 892 Hartree [35] .
The basis used in this earlier calculation [35] was subjected to further optimization and also enlarged to a dimension of 760 during the course of the present calculation. The binding energies of the NaPs ground state in the FCSVM and FCSVM pol models were 0.006 915 and 0.007 173 Hartree respectively. The 2γ annihilation rates for the FCSVM and FCSVM pol models differed by only 0.15%. The FCSVM pol 2γ rate of 1.990 × 10 9 s −1 was practically the same as the equivalent 2γ rate for lithium.
The positron and valence electron densities for the NaPs (FCSVM pol model) ground state shown in figure 8 look very similar to the positron and electron densities for the LiPs ground state. The NaPs probability distributions are a bit more diffuse and this is consistent with the smaller binding energy.
Conclusion
The SVM and the fixed core SVM have been used to investigate the ground states of the following exotic species, HPs, Lie + , LiPs, Bee + , Nae + , NaPs and Mge + . The predictions of binding for Lie + , LiPs and Bee + are the results of rigorous calculations with the only approximations being the infinite nuclear mass approximation and the approximations inherent in the nonrelativistic Schrödinger equation. The predictions of electronic stability for Nae + , NaPs and Mge + are not rigorous predictions since they rely on the underlying accuracy of a fixed core model based on the HF approximation. However, these approximations are similar to those routinely used in atomic structure calculations [49] [50] [51] and furthermore the accuracy of the fixed core SVM has been validated by calculations on the Lie + and LiPs species as well as calculations of the binding energies of Be, Na − and Mg. There seem to be two types of atomic structure which are largely dependent on the degree to which one of the valence electrons is attached to a positron. The ability to form a positronium cluster seems to depend on the relative strengths of the interaction between the valence electron and positron as compared with the interaction between the valence electron and residual ion core. Positronic lithium and sodium represent examples of one type of structure, consisting of a slightly stretched positronium cluster orbiting the charged core at relatively large distances. Although we have adopted the notation Lie + and Nae + to represent these structures, the alternate notations Li + Ps and Na + Ps might give a better picture of the atomic structure. The other extreme was best represented by the structure of Bee + which had the electrons more tightly attracted to the nucleus, had a slow annihilation rate and showed little tendency for either of its valence electrons to be part of a positronium cluster. The computed 2γ annihilation rate for Mge + would seem to suggest that this species represented an intermediate form between these two different types of configurations.
The energies and annihilation rates that are presented are unlikely to represent the final word for any of these atoms. Fully convergent SVM-type calculations remain to be done for the small species Lie + , LiPs and Bee + . A more detailed investigation into the model Hamiltonians for the Na + and Mg 2+ cores could possibly improve the accuracy of the binding energies for Nae + , NaPs and Mge + . Our success in predicting positron binding to four elements and positronium binding to two elements naturally raises the question that positrons and positronium could bind to a number of other elements of the periodic table. However, we cannot predict binding for other group I and II atoms. Failure to find binding to potassium would seem to rule out other alkali atoms while the other group II atoms such as calcium have ionization energies less than 0.250 Hartree and experience gained with Be and Mg is not necessarily relevant. There is of course no a priori reason why positrons could not bind to other atoms of the periodic table, and we hope the present results will stimulate other work on this topic. However, the tendency of the positron and valence electrons to coalesce into a real or virtual positronium state means that any calculations will have to be done carefully for the results to have any credibility. The precise calculation of the binding energies for these exotic systems will be a demanding exercise in atomic many-body theory.
